Existence and Uniqueness Theorems for a Class of Three Point Fourth Order Boundary Value Problem by Iyase,  S.A .
•  
•  
\ .  
. J o u r n a l  o f  t h e  
N i g e r i a n  M a t h _ e r n a t i c a l  S o c i e t y  
V o l .  2 9 ,  p p .  2 3 9 - 2 5 0 ,  2 0 1 0 '  
@ N i g e r i a n  M a t h e m a t i c a l  S o c i e t y  
E X I S T E N C E  A N D  U N I Q U E N E S S  T H E O R E M S  F O R  A  
C L A S S  O F  T H R E E  P O I N T  F O U R T H  O R D E R  
B O U N D A R Y  V A L U E  P R O B L E M  
S  .  . t \ .  fvAp f·~ 
J \  B S T i t i \ C T .  J • ; x i s t e n c e  a n d  u n i q u e n e s s  r e s u l t s  a r c  o b t a i n e d  f o r  
t h e  f o u r t h  o r d e r  b o u n d a r y - v a l u e  p r o b l e m  o f  t h e  f o r m :  
{  
x "  I ·  f ( x " ) x ' "  · I ·  r . J . x ' ) x "  - g ( t ,  x ,  x ' ,  x " ,  x " ' )  
x ( O }  x " ( O }  .  x " ( l }  x C r J )  ·  0 ,  0  ~ T J  < I  
K e y w o r d s  a n d  p h r a s e s .  E x i s t e n c e  a n d  u n i q u e n e s s ,  T h r e e  
p o i n t .  f o u r t h  o r d e r  b o u n d a r y - v a l u e  p r o b l e m ,  C a r a t h e o d o r y  c o n d i -
Li o n s ,  L e r a y - S c h a u d e r  c o n d i t i o n  
[ 2 0 1 0 ] M a t . h e m a t . i c s  S u b j e c t .  C l a s s i f i c a t i o n :  3 1 B l 5  
I .  T N T H . Q l ) U C ' I ' I O N  
l n  a  r e c e n t  p a p e r  [ 5 ] l y a s e  i n v e s t i g a t e d  t . h e  E x i s t e n c e  a n d  U n i q u e -
,  n e s s  o f  s o l u t i o n s  o f  f o u r - p o i n t .  b o u n d a r y  v a l u e  p r o b l e m  ( b v p )  o f  t h e  
f o r m  
xE~F - f ( i , x , x ' , x " , x ' " )  + c ( L )  
x ( O )  - x ( r 1 1 )  - x ( r 7 2 )  . , . . .  x ( l )  - 0 ,  r 1 1  f  1 1 2 ,  




] 0 ,  I I  a n d  0  ~ 1 1 1  ~ fI i - 1 . , 2  
F o l l o w i n g  t h i s  i n v e s t i g a t i o n ,  T e j u m o l a ,  T c h e n a g i  a n d  l y a s e  [ 6 ]  o b -
t a i n  E x i s t e n c e  a n d  U n i q u e n e s s  r e s u l t s  f o r  a  w i d e r  c l a s s  o f  f o u r t h  o r -
d e r  e q u a t i o n s  s u b j e c t .  t o  v a r i e d  b o u n d a r y  c o n d i t i o n s .  P r i o r  t o  t h e s e  
l l . c c e i v c d  b y  t . h e  c d i t . o r s : J u n c  : l ,  2 0 0 ! J ;  l l .e v i s e d :  . J a n 1 1 a r y  t O ,  2 0 1 0 ,  
1 \ n : e p t c d : . l l l l l C  1 ! ) ,  2 0 1 0  
2 3 9  
:  
. .  
' I ' I I I H : I · :  I ' O I N ' I '  F O U i r l ' l l  O I U > I · : I t  l l O U N D A i t Y  V A L U I • :  l • l t o l l L I • : M  2 1 1 1  
" : i t h  n o r m  ll xgj~
1
:~ : : - ~zKI 
1  
J ( x ( i ) ( t )
2
d t  +  J  x d L )
2
.  
I (  I  I I  , ,  }  
W  •  ( 0 ,  1 )  : : =  { x :  [ 0 ,  1 ] - - +  3 1 [ ;
1
, x  , x  a b s .  c o n i .  o n  [ 0 ,  1 ]  ,  
I (  




J  l l x ( j ) ( t ) [ l d t  
W e  n o w  H e L  
D ( L )  =  { x  E =  W
4
· 1 . ( o ,  I )  : X  s a t i s f i e s  { 1 . 2 ) }  ( 2 . 3 )  
W e  h a v e  t h e  f o l l o w i n g  r c . • m l t  
L e m m a  2 . 1 :  L e t  L  b e  d d i n e d  b y  ( 2 . 1 )  a n d  ( 2 . 3 ) .  T h e p  k e r  L - { 0 }  ·  
P r o o f .  T h e  p r o o f  f o l l o w s  s a m e  p r o c e d u r e s  u .s  L e m m a  2 . 1  o f  [ G J  
C o r o l l a r y  2 . 1  S u b j e c t  t o  t h e  c o n d i t i o n s  o f  L e m m a  2 . 1  t h e  e q u a t i o n  
L x - : : : : :  c  ( 2 . 1 )  
' t o g e t h e r  w i t h  t h e  b o u n d a r y  c o n d i t i o n  ( 1 . 2 )  h a . - ;  a  u n i q u e  s o l u t i o n  
W e  o b s e r v e  t h a t  s i  n e e  k e r  L  =  {  0 } ,  t h e r e  e x i s t s  a  l i n e a r  m a p  K  :  Z  - - +  
X  s u c h  t h a t  f o r  z  E =  Z ,  K z  E =  D ( L )  a n d  L K z  =  z ;  a n d  f o r  x  E =  D ( L ) ,  
. K L x  =  x .  T h u s  x  : : =  K  c  i s  t h e  u n i q u e  s o l u t i o n  o f  ( 2 . 1 )  f o r  e a c h  
c  E =  z .  
L e m m a  2 . 2  L e t  L  b e  d e f i n e d  b y  ( 2 . 1  ) .  T h e n  t . h e  c o r r c . < > p o n d i n g  
l i n e a r  m a p  K  :  Z  - •  X  i s  g i v e n  b y  
( K  z ) ( L ) ; : :  ~ +  J  ( L - S )
3
y ( s ) d s  +  / 3 L  +  D L \  
( 2 . 5 )  
w h e r e  
1 3  =  i  +  [ 7 ]
2  
g~ ( 1  - S ) y ( s ) d . s - ~ F~
11
ETz - S )
3
y ( s ) d s ]  
I  / ' 1  
D - = : :  -
6  
+ .  
0  
( 1  - S ) y ( s ) d s  
T h e  e x p r e s s i o n s  a b o v e  c a n  b e  o b t a i n  b y  r e p e a t e d  i n t e g r a t i o n  o f  L x  -
z  u s i n g  ( 1 . 2 )  
: J .  bufpDfDl~kCb T H E O R E M S  
W e  h a v e  t h e  f o l l o w i n g  r e s u l t s :  
T h e o r e m  3 . 1 :  L e t  g  :  [ 0 ,  J  J  x  3 1 "  - +  R  b e  a  f u n c t i o n  s a t i s f y i n g  t h e  
C < l . r a t h e o d o r y  c o n d i t i o n s ,  j ,  h  E  ( R ,  3 1 )  .  
e  
' l ' I I I U · : E  P O I N T  F O U H T i l  O H . D l - : R  B O U N D A i t Y  V J \ L U J· ;  P H . O B I . J • : M  2 ' 1 . 3  
x , x ' , x " , x ' "  t =  ! R  a . c  L  E =  I O , l ] .  T h e n  f o r  e v e r y  p ( L )  E =  £
1
( [ 0 , 1 ] )  p r o b -
- l c m  ( I  . 1 )  w i t h  ( I  . 2 )  h a s  a t  l e a s t  o n e  s o l u t i o n  p r o v i d e d  7 1 '
1 1  
l l a l l o o  +  
1 1 ' ;
1
l l b l l o o  +  2 7 1 '
2
l l c l l o o  +  8 1 l c l l o o  +  7 1 '
3
l k l  <  7 1 '
5  
T h e o r e m  3 . 4 :  L e L  g  :  [ 0 ,  I ]  x  ! R "  - - +  ! R  s a t i s f y  t h e  C a r a L h e o d o r y ' s  
c o n d i t i o n s ,  J ,  h  :  [ 0 ,  1 1  x  ! 1 ?
1 1  
- - +  ! R  b e  c o n t i n u o u s  f u n c t i o n : ; .  A s s u m e  
L h a L  f o r  a J r n o s t .  e v e r y  L  E =  [ 0 ,  l . j ,  t h e  f u n c t i o n  g ( L ,  u ,  v ,  w ,  z )  i s  c o n t i n u -
o w d y  d i f f e r e n t i a b l e  w i t h  r c . " p e c t  t o  u , v , w , : t . .  S u p p o s e  t h a t  t h e r e  e x i s t s  
r e a l  l l l l l n b c r s  a o ,  b o ,  c o ,  a n d  c o  s u c h  t h a t  
D  8  
n u . C J ( L ,  I L ,  v ,  w ,  z )  ~ - a o ,  8 v g ( L ,  0 ,  v ,  w ,  z )  ~ - b o ,  
a  a  
O l l l g ( L . O , O , w , z )  ~ -c-oI a z l g ( t , O, O , O , z ) l  ~ co 
r u r  a . c  I  c  [ 0 ,  l ]  a n d  u ,  v ,  w ,  z  E =  ! R .  S u p p o s e  t h a t  h ( x ' )  ~ k ,  k  E =  ! R ,  
a n d  t h e r e  e x i s t s  a  c o n t i n u o u s  f u n c t i o n s  a  :  [ 0 ,  1 ]  x  ! R "  - - +  ! R  a n d  
.B ( L )  E =  £
1  
( [ 0 ,  1 ] )  s u c h  L h a L  
i g ( L ,  u ,  v ,  w ,  z ) i  ~ i a ( L ,  u , ·u ,  w ,  z ) l l z l
2  
+  { 3 ( t )  ( 3 . : 3 )  
f o r  e v e r y  u , v , w , z  E =  ! R  a . c  L  E =  [ 0 ,  1] .  T h e n  f o r  e v e r y  g i v e n  p ( L )  E =  
£
1  
( j O ,  J l )  t h e  b o u n d a r y  v a l u e  p r o b l e m  ( 1 . 1 )  w i t h  ( 1 . 2 )  h a s  a t  l e a s t  
o n e  s o l u t i o n  p r o v i d e d  
1 a o  +  2 b o  +  1 1 ' C Q  +  7 1 '
2
c o  +  l k l  <  7 1 ' : J  
( 3 . 1 )  
' 1 .  S O M E  P R E L I M l N A J U E S  T O  T T T E  P R O O F S  
collowin~ t h e  p r o c e d u r e  i n  [ 6 ] ,  w e  r e c a s t  t h e  b v p  ( 1 . 1 ) , ( 1 . . 2 )  i n  t h e  
a b s t r a c t .  f o r m  w h i c h  w e  t h e n  e m b e d  i n  
L u  +  > . . N  u  - e ,  0  ~ > . .  ~ 1  .  
W e  t h • : n  a p p l y  t h e  L c r a y - S c h a u d e r  c o n t i n u a t i o n  t h e o r e m  o f  M a w h i n  
[ 7 ] .  L e t  L  l w  d c l i n c d  b y  ( 2 . 1 . )  a n d  ( 2 . 3 )  w h e r e  X  i s  t h e  B a n a c h  S p a c e  
C 3 ( [ 0 ,  1 ] )  a . n d  Z  t h e  B a n a c h  S p a c e  L t ( l o ,  1 ] )  w i t h  t h e i r  u s u a l  n o r m s .  
! < ' o r  c a d 1  u  r _ =  X ,  z  E =  Z ,  l e t  ( u ,  z )  - J  1 L ( L ) z ( L ) d t  d e n o t e  L h c  ciuali~y 
p a i r .  ' N c  d e f i n e  L h e  n o n l i n e a r  m a p p i n g  N  :  X  - - +  Z  b y  
( N u ) ( L ) - J ( ( u " ) u
1 1 1  
+  h ( u ' ) u " - g ( L , u , u ' , u " , u " ' ) ) u w  ( 1 . 1 )  
.  . .  
. .  
' 1 ' 1 1 1 \ E E  P O I N T  F O U H T l l  O H . D E l t  B O U N D A l t Y  V A L U J • ;  P R . O I J L J• : M  2 1 ! 5  
i s  a p r i o r i  h o u n d e d  i n  C
3
[ 0 ,  1 ]  i n d e p e n d c n l l y  o f  s o l u t i o n  x ( t )  a n d  A .  
M u l t i p l y i n g  ( 1  . .  5 )  b y  x "  a n d  i n t e g r a t i n g  o v e r  [ 0 ,  1 ] ,  w e  h a v e  
f a '  x ( i v ) x " d i  + A  1
1  
f ( x " ) x " ' x " d i  + A  1
1  
h ( x ' ) ( x " )
2
d i  
I ~ r '  ,  
- A  J o  _ q ( i ,  x ,  x ' ,  x " ,  x " ' ) x "  d l  + A  J o  p ( i ) x "  d i  
S i n c e  x " ( O )  =  x ' ( l ) ,  i L  f o l l o w s  L h a l .  Aj~
1 
f ( x " ) x " ' x " d t : : ; : : :  0  a n d  f r o m  
c o n d i t . i o n  ( i i )  w e  g e L  
- 1
1  
l l x " ' l l d l  2 :  A  1 '  a ( t ) x " x " ' d t  + A  ! a '  b ( t ) ( x " )
2
d i  
+ A  ! a '  c ( L ) I x ' x " l d l  + A  f o '  d ( i ) l x " l d i  
+ A  f o '  c ( L) I x x ' l d l - A  f o '  h ( x ; ) ( x " )
2
d t  
+ A  h
1  
p ( t ) x " d t  - llx"Dll~ 
>  ~a~llx"ll~- Abollx" ll~- A C o l l x " l l 2 l l x " l l 2  
- A I I d l h  l l x " l l o o - C o l l x l l 2 l l x " l l 2 - Akllx"ll~ 
- - A I I P I I t l l x " l l o o .  
~se o b s e r v e  L h a l .  x ( O )  : : =  x ( 1 7 )  ; ; : : : ;  0 ,  L h e r e  e x i s l . s  Lt  f  ( 0 ,  1 )  w i l . h  t 1  <  
1 1  <  1 ,  s u c h  t . . h a t . .  x ;  ( t
1
) - - =  0 .  I I .  f o l l o w s  
l l x l l o o  ~ l l x ' l l 2 ,  llxll~ ~ :
O
K11x ll ~ 
( 5 . 1 )  
I  
' I  "  I  I  1 1
2  
1  
I I  1
2  
I  X  l o o  ~ l l x  l 2 ,  I  X  2  ~ 
2
l l x  l 2 ·  
1 l '  
( 5 . 2 )  





1 l '  
( 5 . 3 )  
l l x " l l o o  ~ ~llxDllO 
( 5 . . 1 )  
U s i H ! ! ,  L h c  i H e q u a l i L l e s  ( 5 . 1 )  L o  ( 5 . ' 1 ) ,  w e  o b l . a i n  
llxD"ll~ S  (  f~ +  ~ +  ; }  +  ~ +  W)  llxD"ll~+ ~lldlh l l x " ' l l 2 +  ~ ffmffdlx"DllO 
- .  
•  
. .  
' l ' l l l t l - : 1 • :  I ' O I N ' I '  F O U H T I I  O H . D I • : H .  B O U N D A R Y  V A L U I · :  l ' l t O B L J • : M  2 4 7  
• N e x l  w e  p r o v e  T h e o r e m  3 . - 1 .  M u l l i p l y i n g  { 1 . 5 )  b y  x "  a n d  i n l c g r a l i n g  
f r o m  0  l o  1 ,  w e  g e l  








d t  
J o  J o  ·  Jo  
; ; ; ;  . . \ 1
1  






d t  + A  1
1  




I a  
1 }  I  I I  I l l  I I  
A  -
0  
( t , s x , x  , x  , x  ) x  x d s d l .  




~ a  
y  1 1 1 1 1 1 1 1 1  
+ A  ! l ( t ,  0 ,  s x ,  x  ,  x  ) x  x  r l s d t  
0  0  u v  
+ A t  { '  ~y ( t , O , O , s x
1 1




d s ·d t  
J o  . f o  r ) w  




,  a  
+ A  
0  
0  
( ) z  ( t ,  0 ,  0 ,  0 ,  s x  ) x  x  d s d t  
+. . \ 1
1  
g ( t ,  0 ,  0 ,  0 ,  O ) x
1 1
d t  + A  1
1  
p ( t ) x
1 1
d t  
-llx"Dll ~ ~ - a o  1
1  










d t  




1 d t - t  , 6 ( t ) l x
1 1




d t  
k  k  k  
- r '  l p ( t ) i i x l l i d t  





ll~ ll xllO +  b o l l x
1 1
1 ! 2 1 ! x ' l l 2  +  c-o llx
11
11~ +  c o l l x " ' l l 2 l l x
1 1
1 ! 2  
+k ll x
11
11 ~ +  I I . B I I 11 1 x
1 1
l l o o  +  I I P I I I ! x " l l o o  
(
1 a o  2b o  e o  c o  l k l )  I I  1 1 ' 1 1 2  ' 1 1 ! 3 1 1  I I  I I I I I  
<  ' I  - 1 - 3  - 1 - 2  - 1 - - 1 - 2  X  2  - 1 - 2  1  X  2  
7 ! " '  7 T "  7 T "  7 T "  7 T "  
o r  
~ n
3  




1 ! 2  ~ ; : r -( 4 a o  1  2 / l f l  l > r r . . o  l n
2
c o · l l k l )  -
T h u s  
l l x l l o o  ~ l l x ' l l o o  ~ l l x
1 1
l l o o  ~ P 2  
J  
. .  
' I ' I I H . f o : J · :  1 ' 0 1  N ' l '  F O U  J t l ' l l  O l t D E H .  B O U N D A i l Y  V A L U J • ;  l ' l l O B J . J • : M  2 1 9  
o n  m u l t i p l y i n g  ( 6 . 1 )  b y  ( t q  - u 2 ) "  a n d  i n t . e g r a t . i n g  f r o m  0  t . o  l  w e  g e t .  
- [ '  [ ( t L J  - u 2 ) ' " ]
2
d t  +  1 3  [ '  [u~D - u~z
O
dt -
. f o  . f o  
1
1  









) (  u 1  - u 2 ) " ) d L  
- 1
1  








FEul - u 2 ) " ) d t  
L e t .  v ; ; ; : :  u 1  - u 2
1  
t . h e n  
( 6 . 6 )  
[ '  ; ·l  [ '  [ '  
. f o  ( v " Y d t  ~ 
0  
a ( L ) v " v
1
" d t  +  J o  b ( t ) ( v " )
2




l d t  
+  1
1  
c ( t ) l v v
1
1 d t - 1 3 1
1  
( v " )
2
d t  
>  -
1  
a o  [ '  l v " l
2
d t  - b o  [ '  b l v " l
2
d t  - C O  [ '  l v ' l l v " l d t  
2  J o  J o  J o  
- C o  1 l  l v l v
1
l d t - 1 3 1
1  
l v " l
2







" 1 1  +  bollv
111
11~ +  r - { ) ! v
1
! 2 l v " l 2  +  c o l v l 2 l v ' [ 2  +  f gg fffv"ll~ 
(  
a o  b o  2 r - { )  8 c o  J J )  I I  
1
" l l 2  
<  2  '
1  
+  2  +  3  +  .  +  2  v  2  
7 r "  7 r  r r ·  r r "  7 r  
o r  
[ 2 r r
5
- ( r r :
1
a o  +  2 r r
3
b o  +  1 r r
2
c o  +  1 6 c o  +  2 r r
3
1 J . J I ) ]  llv
111
11~ ~ 0  
l • ' r o m  c o n d i t . i o n  ( 6 . 3 )  w e  d e r i v e  llvD"ll~ ~ 0  a n d  h e n c e  
llv
1
"11~ - 0 .  S i u c e  l l v
1
l l o o  ~ l l v
1
1 1 2  ~ 0  w e  h a v e  v ( t )  - 0  a n d  h e n c e  
u 1  ( t )  - u 2 ( t )  a . c  t  E =  [ 0
1  
I ]  b y  t . h e  c o n t . i n u i t y  o f  u 1  ( L )  a n d  u 2 ( L ) .  
T h e o r e m  6 . 2  L e i  g  :  [ 0
1  
I ]  x  3 ?
1  
- - .  ! R  b e  a  C a r a t . h w d o r y  f u n c t . i o n .  
1 \ s s u m e  t . h a t  t h e r e  e x i s t s  a ( L )
1  
b ( l )
1  
c ( t )
1  




l l )  s u c h  t h a t  
I  
(  






















a ( t ) l x 1  - x 2 !  +  bElF lx~- x~l +  c ( t ) l x
1
( - x~ l +  d ( t ) l x ' { ' - x~Dl 
T h e n  f o r  e v e r y  p ( L )  E =  L
1  
( [ 0 ,  1 ] )  t h e  b o u n d a r y  v a l u e  p r o b l e m  ( 6 . 1 )  
w i t h  ( 6 . 2 )  h a . - ;  a  u n i q u e  s o l u t i o n  p r o v i d e d  
r r " l l a l l o o  +  r r
3
l l b l l o o  +  r r
2
l l c l l o o  +  8 l l c l l o o  - 1 - r r
3
I J J I  <  7 r 1 i  
